Optimaization

Definition: If (a,b) is a point in the plane, then an open disk D,.(a, b)
(of radius r > 0) centered at (a,b) is a set of the form

Dy (a,b) = {(z,y) : V/(z —a)? + (y = 0)? <7}

A neighborhood N of (a,b) is any set that contains an open disk
D..(a,b) centered at (a,b).
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Definition: f(a,b) is a relative minimum value of the function

z = f(x,y) if f(a,b) < f(x,y) for all points (z,y) in some neighborhood
N of (a,b).




Definition: f(a,b) is a relative maximum value of the function

z = f(x,y) if f(a,b) > f(x,y) for all points (z,y) in some neighborhood
N of (a,b).




Key Fact: If f(a,b) is a relative minimum or relative maximum value
and if f(x,y) is differentiable (in a neighborhood of (a,b)), then

fz(a,b) =0  and fy(a,b) = 0.

Definition: If f,(a,b) = 0 and f,(a,b) = 0, then (a,b) is a critical
point (or stationary point) of f(x,y) and f(a,b) is a critical value.

Restating key fact: If f(x,y) is differentiable, then its relative extreme

values can only occur at critical points.




Explanation: If (z,y) is close to (a,b), then

f(xay) ~ Tl(xay) — f(aa b) T fm(a’a b)(CIZ - CL) + fy(a7 b)(y o b)
If fz(a,b) # 0, y =b and = =~ a, then

f(z,b) = Ti(z,b) = f(a,b) + fu(a,b)(z — a) + fy(a,b)(b—b)
— f(a7b> + f:c(afv b)(x - a’)?

SO f($7b)_f( 7b)%fx(a’7b)($_a)'

Case 1. fi(a,b) > 0. If z > a, then x —a > 0 so
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f(x,b) — f(a,b) ~ fu(a,b)(x — a) > 0,

which means that f(a,b) is not a maximum value.

If x <a, then x —a < 0 and

_|_ —
f(z.b) — f(a,b) = fu(a,b)(z — a) <0,

so f(a,b) is not a minimum value.




Case 2. fz(a,b) <O0.
If x > a, then x — a > 0 and
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f(z,b) — f(a,b) = fu(a,b)(z — a) <0,

so f(a,b) is not a minimum value.

If x <a, then x —a < 0 and
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f(a,b) = f(a,b) = fu(a,b)(x — a) > 0,

so f(a,b) is not a maximum value.

If f,(a,b) # 0, then the analogous argument with = a and y ~ b shows

that f(a,b) is neither a maximum nor a minimum value.

Conclusion: If f.(a,b) # 0, then f(a,b) is not a relative extreme
value. The same argument shows that if f,(a,b) # 0, then f(a,b) is not
a relative extreme value.

Therefore, if f(a,b) is a relative extreme value, then f,(a,b) and f,(a,b)
must both be 0.




Example: Find the critical point(s) and critical values of the function
fle,y) =2 +y° —ay+2°
1. First order conditions:
fo=0 = 22 —y+32°=0
Jy=0 = 2y—a2=0

2. Critical points:  f,, =0 == x = 2y and substituting 2y for x in the
first equation gives

2-2y 3(29)2
~

=
2 —y+32°=0 = 4y —y+ 12y° =0 = 3y(l+4y) = 0.

The critical y-values are y; = 0 and yo = —1/4. Remember that at the
critical points x = 2y, and therefore the critical points are

(1,91) = (0,0) and (z2,92) = (=1/2,-1/4).

1
3. Critical values: f(0,0) =0and f(—1/2,—-1/4) = 6




Observation: The definitions of relative extreme wvalues and of
critical points generalize to functions of any number of variables, as
does the connection between relative extreme values and critical points...

Definition: The point (z1,...,xx) is close to the point (aq,...,ax) if

1Ay, To R aAg, ..., Tp—1 ~ ap—1 and T =~ ay.

Definition: f(aq,...,a) is a relative maximum (minimum) value of

the function y = f(x1,...,xx) if

flay,...,ax) > f(x1,..., k) (f(ah---aak) Sf(xlv--'vxk))

for all points (x1,...,zx) that are sufficiently close to (aq,...,ax).

Definition: The point (aq,...,a) is a critical point of the function
f(xi, .., op) if

0,... and f; (a1,...,ax) =0

Fact: If f(x1,...,x) is differentiable and f(a1,...,ar) is a relative

extreme value, then (a,...,ax) is a critical point of f(x1,..., k).




Conclusion: To find the relative extreme values of a differentiable
function f(x1,...,xx), we need to find its critical points. To do this, we
need to solve the system of k£ equations in k variables:

fxl(xl,..., )
fx2($17..., )

0
0

Lk
Lk
fo, (@1,...,21) =0

These equations are called the first order conditions for relative extrema.




Example: Find the critical point(s) of the function

w=ax*+2° -3 +ay—2xz+yzr+2r—3y—22+1

First order conditions:

Wy, =20 +y—22+2=0 — 20 +y — 22 = =2
wy=4y+zr+2-3=0 — x+4y+2=3
w, =—6z—2x+y—2=0 — —2x +y—6z=2

If we add equation (1) to equation (3) (eliminating the zs) we get
(4) 2y — 82 = 0.

Adding 2x equation (2) to equation (3) (eliminating the x s again) gives
(5) 9y —4z=38.

From equation (4) it follows that y = 4z, and substituting y = 4z into

equation (5) gives...




8 1
4y — P
36z —42 =8 = =z 35 = 1

which implies that y* = 4z* = 1.

Finally plugging y* = 1 and z* = 1/4 back into equation (2) we find

that

+4+1 3 = 2" °
x — = r = —-
4 4’

so there is only one critical point,

(x*,y",2") = (=5/4,1,1/4)
and the critical value is

w* =w(x*,y",2") =w(-5/4,1,1/4) = 2
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Example: Find the critical point(s) and critical value(s) of the function
F(u,v,w,\) =5Inu+ 8lnv + 12Inw — A(10u + 15v 4+ 25w — 3750).

First order conditions:

5
F,=0 = — —10A =0
u

8
F,=0 = — —15A =0
v

12
Fp =0 = — — 250 =0
w

Fy=0 = —(10u + 15v + 25w — 3750) = 0

Equation (1) implies that

§:10)\ — A= —
U 22U

Likewise, equations (2) and (3) imply that

12
i and — =25\ —

8
— =15 = [ \= —
v 15v W




Comparing the first and second boxed equations shows that

1 8 16w
A 2U 15v ov bu v 15

and comparing the first and third boxed equations show that

Lo 12 s —ogy — 24u
= — = — = w = :
2u 25w W= et 25

Equation (4) simplifies

—(10u + 15v 4+ 25w — 3750) = 0 = 10u + 15v + 25w — 3750 = 0
— 10u + 15v + 25w = 3750

and substituting for v and w in this equation gives

16 24
10w + 15 - 15“ +25.2—;’ — 3750 —> 50u = 3750 —> u* = 75.

It follows that v* :ig * =80, w* :gg *=T2and \* = 5 :ﬁ.

L.e., the critical point is (u*,v*, w*, \*) = (75,80,72,1/150) and the

critical value is

F(75,80,72,1/150) ~ 107.964.




